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Abstract
We give a bijective proof for the identity an+2 = 8bn, where an is the number of noncrossing
simple graphs with n (possibly isolated) vertices and bn is the number of noncrossing graphs
without isolated vertices and with n (possibly multiple) edges.
c© 2002 Elsevier Science B.V. All rights reserved.
By a noncrossing graph G we mean an undirected graph (it may have multiple
edges) on the vertex set [n] = {1; 2; : : : ; n} which contains no couple of edges {i; j} and
{k; l} such that i¡k¡j¡l. In other words, when we represent the vertices 1; 2; : : : ; n
of G by the points (1; 0); (2; 0); : : : ; (n; 0), respectively, of the x-axis and embed the
edges as half-circles in the upper half-plane, no edges of G intersect.
Let A be the set of all noncrossing graphs with no multiple edges (isolated ver-
tices are allowed) and B be the set of all noncrossing graphs with no isolated vertices
(multiple edges are allowed). Let an be the number of graphs of A with n vertices
and let bn be the number of graphs of B with n edges. Then the following identity
holds:
an+2 =8bn:
This identity was proved by Klazar [3] by generating functions. He derived formula
∞∑
n=0
bnxn=1 + x + 6x2 + 44x3 + · · · = 1 + 10x −
√
1− 12x + 4x2
16x
:
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Thus, bn=2n−1Sn (n¿1), where Sn are the well-known SchrGoder numbers which have
generating function
∞∑
n=0
Snxn=1 + x + 3x2 + 11x3 + · · · = 1 + x −
√
1− 6x + x2
4x
:
As for the numbers an, formula for their generating function was determined by Domb
and Barrett [1]. Flajolet and Noy proved in [2], using generating functions too, that
an=2nSn−2 (n¿2). This is proved also in [4, Exercise 6.39p]. Comparision of both
expressions for an and bn gives the identity. Our aim in the present note is to give a
bijective proof without use of generating functions.
Theorem 1. For all n∈N
an+2 =8bn:
Proof. The idea of the proof is this: We Knd a certain recursive structures in the sets
A and B which have the same behaviour. Then we match together graphs of A and
B with the same recursive structure (which is done by induction). The scheme of this
process is drawn in Fig. 1. The precise proof follows.
Let Bn= {G ∈B: |E(G)|= n} and An= {G ∈A: |V (G)|= n}. We construct a bijec-
tion ’n between Bn and certain 8-element subsets of An+2 which we call groups. Each
group in Ak (k¿3) contains graphs which diCer only in the edges {1; 2}; {k − 1; k}
or {1; k} (presence or absence of any of these 3 edges does not aCect whether G is
noncrossing). We represent every group by the graph that contains none of these 3
edges. Clearly the groups partition Ak . Let A′n⊂An be the set of graphs which do not
contain edges {1; 2}; {n− 1; n}, and {1; n}. We construct the bijection ’n between Bn
and A′n+2 recursively using previously constructed bijections ’k between Bk and A
′
k+2
(k¡n).
For n=1 (the Krst row of Fig. 1) we deKne ’1 in the only possible way by matching
the graph containing one edge (the only element of B1) with the empty graph on three
vertices (the only element of A′3).
Let n¿1, let ’k (k¡n) be the (already constructed) bijections between Bk and A′k+2
and let H ∈Bn. We deKne ’n(H). Let e= {1; l} be the longest edge of H incident
with the vertex 1 (if e is a multiple edge, we take e as the topmost embedded one).
The edge e exists, because graph H contains no isolated vertices. We distinguish three
cases:
• The last two rows of Fig. 1: No edge lies under e. Let H2 be the graph consisting
of the edges E(H)\{e} (H2 lies to the right of e). We say that H has type [x]
where x=1 if H2 is “tangent” to e (i.e. some edge in H2 is incident to the vertex
l=2) and x=0 otherwise. Let G2 =’n−1(H2) have the vertex set {1; 2; : : : ; n+ 1}.
We deKne ’n(H)=G where G is constructed from G2 by adding a new vertex n+2
and the edge {1; n+ 1}. When x=1 (where [x] is the type of H) we also add the
edge {n; n+ 1}.
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Fig. 1. The recursive construction of bijection ’n.
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• Rows 10–13 of Fig. 1: There is no edge to the right of e= {1; l}. Let H1 be
the graph consisting of the edges E(H)\{e} (H1 lies under the edge e). We say
that the graph H has type [x; y] where x=1 if H1 contains an edge incident to
the vertex 1 (otherwise x=0) and y=1 if H1 contains an edge incident to the
vertex l (otherwise y=0). Let G1 =’n−1(H1) have the vertex set {2; 3; : : : ; n +
2}. We deKne ’n(H)=G where G is constructed from G1 by adding vertex 1,
when x=1 we also add the edge {2; n + 2} and when y=1 we also add the
edge {2; 3}.
• Rows 2–9 of Fig. 1: There are edges both under and to the right of e= {1; l}.
Let H1 be the graph consisting of b1 edges lying under e in H and let H2 be the
graph consisting of b2 edges lying to the right of e in H (b1 + b2 + 1= n). We say
that H has type [x; y; z] where x=1 if H1 contains an edge adjacent to the vertex
1 (otherwise x=0), y=1 if H1 contains an edge adjacent to the vertex l (other-
wise y=0) and z=1 if H2 contains an edge adjacent to the vertex l (otherwise
z=0). Let G1 =’b1 (H1) and G2 =’b2 (H2) have the vertex sets {1; 2; : : : ; b1+2} and
{b1+2; b1+3; : : : ; b1+b2+3} (clearly b1+b2+3= n+2). Then we deKne ’n(H)=G
where G is constructed by putting graphs G1 and G2 together (the last vertex of G1
is the same as the Krst vertex of G2), adding the edge (1; b1 +2) always and adding
the edges {b1 +1; b1 +2}; {b1 +2; b1 +3}; {b1 +2; n+2} when x=1; y=1; z=1,
respectively.
It is clear from the deKnitions that always ’n(H)=G ∈A′n+2. We have to prove
that the mappings ’n : Bn→A′n+2; n=1; 2; : : : ; are bijections. We do this recursively
as well.
It is trivial for n=1.
Let n¿1 and let all ’k (k¡n) be bijections. We observe few facts:
• ’n is correctly deKned. Every graph H ∈Bn has a unique type and the mappings ’k
which we applied on the subgraphs H1 and H2 are bijections. Thus, we have deKned
for every H ∈Bn exactly one image ’n(H).
• ’n is surjective. Having G ∈A′n+2, we take f= {1; l} to be the longest edge ad-
jacent to vertex 1 in G (if there exist any) and Knd a good type for the
preimage H :
◦ If f does not exist then H has type [x; y] where the values of x and y de-
pend on presence or absence of the edges {2; n + 2} and {2; 3} in G. We take
H1 =’−1n−1(G1) where G1 is the subgraph of G with the vertex set {2; 3; : : : ; n +
2} containing all the edges of G except for {2; n + 2} and {2; 3}. We con-
struct H by adding one edge to H1 (according to its type) so
that ’n(H)=G.
◦ If f= {1; n + 1} then H has type [x] where the value of x depends on pres-
ence or absence of the edge {n; n + 1} in G. Similarly to the Krst case we take
H2 =’−1n−1(G2) where G2 is the subgraph of G with the vertex set {1; 2; : : : ; n +
1} containing all the edges of G except for {1; n + 1} and {n; n + 1}. We
construct H by adding one edge to H2 (according to its type) so
that ’n(H)=G.
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◦ If f= {1; l}, 26l6n then the graph H has type [x; y; z] where the values of x,
y and z depend on presence or absence of the edges {l − 1; l}, {l; l + 1} and
{l; n + 2} in G. We Knd G1 and G2 in a similar way as in the Krst two cases,
take H1 and H2 to be the preimages of G1 and G2 and construct H (according to
its type) so that ’n(H)=G.
• It is also clear that the way of choosing the type of ’−1(G) and the graphs H1 and
H2 above is unique. Then also the graph H such that ’n(H)=G is unique and ’n
is an injection.
We proved that ’n is a bijection for every n∈N.
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